4. Sequence and Series

e The Concept of Arithmetic Progression
o An arithmetic progression is a list of numbers in which the difference between any two consecutive
terms is equal.
o Inan AP, each term, except the first term, is obtained by adding a fixed number called common
difference to the preceding term.
o The common difference of an AP can be positive, negative or zero.

Example 1:
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|V Ve is an AP whose first term and common difference are 3 and 3
X A, a, il
respectively.
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2 TN TN YT ™ oL Is an AP whose first term and common difference are 7 and -2
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respectively.
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3. l/‘”*“\ﬂ/""a(ﬂ is an AP whose first term and common difference are —7 and 0

-F g

respectively.

o The general form of an AP can be written as a, a + d, a + 2d, a + 3d ..., where a is the first term and
d is the common difference.
o A given list of numbers i.e., ay, ap, a3 ... forms an AP if aj+1 — a is the same for all values of k.

Example 2:
Which of the following lists of numbers forms an AP? If it forms an AP, then write its next three
terms.
(a)—4,0,4,8, ...
(b)2,4,8, 16, ...
Solution:
(a)—4,0,4,8, ...

ay—a1=0-(-4)=4
ay—ap=4-0=4
ag—a3=8—-4=4

ap+1— ay = 4; for all values of n

Therefore, the given list of numbers forms an AP with 4 being its common difference.
The next three terms of the AP are 8 +4=12,12+4=16,16 +4 =20
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Hence, AP: 4,0,4,8, 12, 16, 20 ...

(b) 2,4,8, 16, ...

a)—a)=4-2=2
ay—ap=8—-4=4
ay—ay)#ajy—aj
Therefore, the given list of numbers does not form an AP.

. nth term of an AP

The nth term (a;;) of an AP with first term a and common difference d is given by a,=a+ (n—1) d.
Here, ay, is called the general term of the AP.

. nth term from the end of an AP

The #nh term from the end of an AP with last term / and common difference d is givenby/ —(n—1)d.

Example:

Find the 120 term of the AP 5,9, 13 ...

Solution:

Here,a=5,d=9-5=4,n=12
ajp=a+n-1)d

=5+(12-1)4
=5+11x4

— 5+ 44

=49

e Sum of n terms of an AP
o The sum of the first n terms of an AP is given by Sn=n22a+n-1d , where a is the first term and d is
the common difference.

o Ifthere are only n terms in an AP, then Sn=n2a+l, where / = a,, is the last term.

Example :
Find the value of 2 + 10 + 18 + .... + 802.

Solution:
2,10, 18... 802 is an AP where a =2, d =8, and / = 802.

Let there be n terms in the series. Then,
a, =802

=a+(n-1)d=2802
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=2+ (n—1)8=802

= 8(n—1)=800
=>n-1=100
=>n=101

Thus, required sum = n2a+l = 10122+802 = 40602

e Properties of an Arithmetic progression
o If a constant is added or subtracted or multiplied to each term of an A.P. then the resulting sequence
is also an A.P.
o Ifeach term of an A.P. is divided by a non-zero constant then the resulting sequence is also an A.P.

e Arithmetic mean
o For any two numbers a and b, we can insert a number A between them such that a, A, b is an A.P.

Such a number i.e., A is called the arithmetic mean (A.M) of numbers @ and b and it is given by
A - a+kb
2 .
o For any two given numbers a and b, we can insert as many numbers between them as we want such

that the resulting sequence becomes an A.P.
Let 4y, A;... A, be n numbers between a and b such that a, 41, A5... A, bis an A.P.

b—a
Here, common difference (d) is given by n+1.

Example:

Insert three numbers between —2 and 18 such that the resulting sequence is an A.P.
Solution:

Let A1, Ap, and A3 be three numbers between — 2 and 18 such that — 2, 41, Ap, A3, 18 are in an A.P.
Here,a=-2,b=18, n=>5

218=2+5-1)d

=20=4d

=>d=5

Thus, A1 =a+d=-2+5=3

Ary=a+2d=-2+10=8

Ay=a+3d=-2+15=13

Hence, the required three numbers between —2 and 18 are 3, 8, and 13.

¢ Geometric Progression: A sequence is said to be a geometric progression (G.P.) if the ratio of any term to
its preceding term is the same throughout. This constant factor is called the common ratio and it is denoted
by r.

¢ In standard form, the G.P. is written as a, ar, ar* .. where, a is the first term and r is the common ratio.

e General Term of a G.P.: The n'? term (or general term) of a G.P. is given by a, =ar" ~ !

Example: Find the number of terms in G.P. 5, 20, 80 ... 5120.
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Solution: Let the number of terms be n.

Herea=5,r=4and¢,=5120

™ term of G.P. = @t

54" t=5120
:’4.?'.'—1: S5120 =1024
5

=20 —-2=10
=2201=12
mn=8B

e Sum of n Term of a G.P.: The sum of n terms (S,)) of a G.P. is given by

(1-r" : —1)
AQ=r)  ifre ] or 2D
Sn: 1=r F=l

na ifr=1

sk Easl

Example: Find the sum of the series 1 +3 +9 + 27 + ... to 10 terms.
Solution: The sequence 1, 3,9, 27, ... isa G.P.
Here,a=1,r=3.

a[r”—l}

Sum of n terms of G.P.= r-1 [r=1]

Sio=1+3+9+27+..to 10 terms
1x[(3)1°—-q
ERSY

_ 59049-1
2

_ 59048
2

=29524

e Three consecutive terms can be taken as ar, a, ar. Here, common ratio is r.
¢ Four consecutive terms can be taken as ar3, ar, ar, ar3. Here, common ratio is r2.
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e Geometric Mean: For any two positive numbers a and b, we can insert a number G between them such

that a, G, b is a G.P. Such a number i.e., G is called a geometric mean (G.M.) and is given by G =¥ ab

In general, if G, G, ...,G;,, be n numbers between positive numbers @ and b such thata, G1, G2, ..., Gy, b

isa G.P, then Gy, Gy, ..., G, are given by
Gi=ar, Gy = arz,..., G, = ar’

1
Where, r is calculated from the relation b = ar”ﬂ , thatis  — [E) n+l.

a

Example: Insert three geometric means between 2 and 162.

Solution:

Let G1, G, G3 be 3 G.M.’s between 2 and 162.

Therefor 2, G1, Gp, G3, 162 are in G.P.

Let » be the common ratio of G.P.
Here,a=2,b=162andn=23

i 1 1
r=[182)5T — (g 1F = (343 =3
Gl=ar=2x3=6
Gr=art=2x(3)2=2x9=18
Gy=art=2x(3)3=2x27=54

Thus, the required three geometric means between 2 and 162 are 6, 18, and 54.

¢ Relation between A.M. and G.M.: Let 4 and G be the respective A.M. and G.M. of two given positive
real numbers a and b. Accordingly, 4 = % and G= @

Then, we will always have the following relationship between the A.M. and GM.: 4 > G

» If the reciprocals of the terms of a sequence form an arithmetic progression, then the sequence is said to be in

harmonic progression.

Therefore, the sequence a;j, ay, as,..., a,, will be in H.P. if and only if

« General term or n'! term of H.P.:

1

a

. -...—arein A.P.

R

1
*If a, is the n' term of a H.P., then — will be the n™ term of the A.P. obtained by the reciprocals of the terms

a.'!
in H.P.
Th 1t faH.P is gi b .
e general term of a H.P. is given by a+|'n—1_}d’
the A.P.
1 1 1 1

a a+d a+2d” a+(n-1)d
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* Like A.P. and G.P., there is no formula to find the sum of » terms of a H. P.
Arithmetic Mean (A.M.):

a+b

* If A is the A.M. of the numbers a and b, then A is given by A =

* For any two given numbers, a and b, we can insert as many numbers between them as we want in such a way
that the resulting sequence becomes an A.P.

Geometric Mean (G.M.):

« The geometric mean (G.M.) of two numbers @ and b is .fz5 and is denoted by G.

* G is a real number if and only if both a and b have the same sign.

« For any two numbers, a and b, there exist two values of G, .fgh and — fzp .
® IfCl = b, then G = i.\.'aa :-_h:]'

* If we are given two numbers, a and b, then we can insert a number G between these two numbers so that the
sequence a, G, b becomes a G.P. Here, G is the geometric mean (G.M.) of the numbers a and b.

* For any two positive numbers, we can insert as many numbers between them as we want in such a way that the
resulting sequence becomes a G.P.

Harmonic Mean (H.M.):

2ab

The harmonic mean (H.M.) of two numbers @ and b is and 1s denoted by H.

a+b
Relation between A.M., G.M. and H.M. of two distinct real numbers:
Let a and b be two distinct positive numbers.
If A, G and H are their A.M., G.M. and H.M. respectively, then G is the geometric mean of A and H.
~ A, GandH are in G.P.
Also, AM. > G.M. > H.M.
Arithmetico-Geometric Progression

The series whose each term is formed by multiplying the corresponding terms of an A.P. and a G.P. is called an
arithmetico-geometric series. Let a, (a + d), (a + 2d), (a + 3d), ... ,Ja+ (n — 1)d], ... be an A.P. with first term a

and common difference d (d # 0); 1, r, r2, r3, s Pl , ...be a G.P. with first term 1 and common ratio » (» # 1).
Then,
a,(a+dyr,(a+2d) 2, (a+3d) ", [a+ (n—1)d] 71 isan arithmetico-geometric progression.

n ™ term of an arithmetico-geometric progression is t,=la+ (n—1)d] I

Sum of n terms of an arithmetico-geometric progression is given by
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Sn=al-r+drl-rn-11-r2-[a+(n-1)d]m1-r, r#l

If |7] <1, then the sum of an infinite arithmetico-geometric progression denoted by Swis given by Sco=al-r+rd1-
2.

e Sum of n-terms of some special series:
o Sum of first » natural numbers

T D Tg ...+n=w

o Sum of squares of the first #» natural numbers

(
124224324 ... +n= ”':”H:'G*E”H:'

o Sum of cubes of the first #» natural numbers

2
PPt P i {—”':”;1:' ]

Example: Find the sum of #n terms of the series whose ! term is n(n+ 1)(n-2).
Solution: It is given that

ap=nln+Dn—2)
:.?2(.??2 tn—2dn—2)
ZIE(HE —n—2)
=nS—n? —n

Thus, the sum of #n terms is given by
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n 3 n 2 n
Sp= LK = L K"=22K
k=1 k=1 k=1

_ [ n(n+1) ]2 _n(ntl (2041 2n(n+1)

2 3 - 2

_ nntl) | nlntl) _ 2041 _ o
g 2 3

_ nin+l) | 3nin+1)—2(2n+1)—-12
o 2 3

_ nin+1) | 3n°4+3n—4n—2-12
2 6

_ n(n+1) [ 3p2—p-124
2 6

nin+1)(3n?=n—14)
2

nln+1)(3n2=Tn+6n—14)
T2

Aln+1)[A(3n=714+2(3n-711]
12

Aln+1)(n+21(3n=7)
12

Exponential Series
o ex=1+x1!+x22!+x331+...
o e-x=1-x11+x221-x33!+...
o exte-x=21+x22!4+x44+...

ex-e-x=2x+x33!+x55!+...
Fora>0, ax =1+ xlogea + x22!logea2 + x33!logea3 + ...

Note: The value of e lies between 2 and 3.
Logarithmic Series
For x<1,

e logel+x=x-x22+x33-...

e logel-x=-x-x22-x33-...
e logel+x-logel-x=logel+x1-x=2x+x33+x55+...
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